Post-Matching Two-Way Fixed Effects Estimation®

Yihong Liufand Gonzalo Vazquez-Bare?

February 13, 2026

Abstract

When estimating treatment effects with two-way fixed effects (2WFE) models, researchers
often use matching as a pre-processing step when the parallel trends assumption is thought
to hold conditionally on covariates. Specifically, in a first step, each treated unit is matched
to one or more untreated units based on observed time-invariant covariates. In the sec-
ond step, treatment effects are estimated with a 2WFE regression in the matched sample,
reweighting the untreated units by the number of times they are matched. We formally
analyze this common practice and highlight two problems. First, when different treatment
cohorts enter treatment in different time periods, the post-matching 2WFE estimator that
pools all treated cohorts has an asymptotic bias, even when the treatment effect is constant
across units and over time. Second, failing to account for the variability introduced by the
matching procedure yields invalid standard error estimators, which can be biased upwards
or downwards depending on the data generating process. We propose simple post-matching
difference-in-differences estimators that compare each treated cohort to the never-treated
separately, instead of pooling all treated cohorts. We provide conditions under which these
estimators are consistent for well-defined causal parameters, and derive valid standard errors
that account for the matching step. We illustrate our results with simulations and with an

empirical application.
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1 Introduction

When estimating treatment effects with two-ways fixed effects (2WFE) regressions, researchers
often use matching as a pre-processing step. In such settings, each treated unit is matched to an
untreated unit using pre-treatment observed covariates. In a second step, a 2WFE specification
is estimated in the matched sample, reweighting the untreated units by the number of times they
are used as a match for the treated units. This approach is typically justified under a conditional
parallel trends assumption, by which units that are similar in their observed covariates are more
likely to have followed the same outcome trends in the absence of treatment. While several
alternative methods are available for estimating treatment effects under a conditional parallel
trends assumption, matching-based methods have the advantage of being intuitively appealing,
easy to implement, computationally stable and fully nonparametric, not requiring the functional
form assumptions often invoked in inverse-probability weighting or regression adjustment methods.
This combination of matching and 2WFE is common in empirical work: Table A1 lists 22 papers
published between 2013 and 2025 in top general interest and field journals in Economics and
Political Science that use some version of this approach.

In this paper, we formally analyze this commonly employed strategy and highlight two problems
that generally invalidate its findings. First, when different treatment cohorts enter treatment in
different time periods, the post-matching 2WFE estimator that pools all treated cohorts converges
to a linear combination of average treatment effects on the treated (ATTs) plus an asymptotic bias,
which we refer to as “pooling bias”, even when treatment effects are constant across units and over
time. To explain this result, we show that the post-matching 2WFE estimator can be decomposed
into a linear combination of 2x2 (that is, two-group-two-period) reweighted difference-in-differences
(DiD) estimators. These 2x2 estimators compare each treated cohort to the never-treated cohort,
and each treatment cohort to other treatment cohorts, with a specific set of weights. Because
each treated unit is matched to a never-treated unit in the first step, comparisons between treated
and reweighted never-treated units consistently estimate ATTs for different cohorts at different
time periods. When comparing units across different treatment cohorts, however, units are not
matched to each other, and thus the group used as comparison is not reweighted. As a result,
the two groups will generally exhibit different covariate distributions. When the parallel trends
assumption holds conditionally, these unweighted comparisons between different treated cohorts
are invalid, even when the comparison group consists of not-yet-treated units.

To address this issue, we propose post-matching difference-in-differences (DiD) estimators that
compare each treated cohort to the never-treated units separately, instead of pooling all treated
cohorts. We show that under the conditional parallel trends assumption and mild regularity
conditions, these pairwise estimators are consistent for well-defined averages of ATTs over time.

The second problem is that matching introduces variability that needs to be accounted for when

conducting inference, and failing to account for this additional variability results in invalid standard



errors. We characterize the probability limit of the naive cluster-robust variance estimator for the
post-matching DiD estimator and show that failing to account for the matching step creates an
asymptotic bias in the variance estimator, which can be positive or negative depending on the
data generating process. We rely on recent advancements on measures of high-order Voronoi cells
by Chen and Han (2024) to provide a closed-form representation of the correct limiting variance of
our proposed estimators, a result previously unavailable in the literature, and propose consistent
variance estimators. Based on these results, we also compare the true limiting variance to the
semiparametric efficiency bound for a general dimension of the covariate vector. We show that
the post-matching DiD estimators do not attain the bound when the number of matches is fixed,
but approach it as the number of neighbors diverges under some conditions.

We illustrate our results with simulations and with a reanalysis of the National Supported
Work (NSW) Demonstration. Using the experimental benchmark from the randomized evaluation
following Lalonde (1986), we find that the post-matching 2WFE estimator yields estimates that
are much closer to the experimental estimates than the unmatched 2WFE, and accounting for the
matching step increases the standard errors.

Finally, while our main results focus on nearest-neighbor matching with replacement, we discuss
how they extend to matching on discrete covariates, nearest-neighbor matching without replace-
ment and propensity score matching.

Our paper contributes to a large and growing literature on DiD and 2WFE methods in stag-
gered designs, that is, designs where treated units exhibit variation in their treatment timing
(see de Chaisemartin and D’Haultfceuille, 2022; Roth, Sant’Anna, Bilinski, and Poe, 2023, for
surveys). In particular, studies have found that in staggered designs, 2WFE estimators generally
recover linear combinations of ATTs with weights that are hard to interpret and possibly neg-
ative when the treatment effects are heterogeneous (Athey and Imbens, 2022; Goodman-Bacon,
2021; De Chaisemartin and d’Haultfoeuille, 2020; Imai and Kim, 2021; Sun and Abraham, 2021;
Borusyak, Jaravel, and Spiess, 2024). These studies focus on unmatched 2WFE estimators, mainly
under the unconditional version of the parallel trends assumption. We complement this literature
by showing that these issues remain for post-matching 2WFE estimators when the parallel trends
assumption holds conditionally. Furthermore, we show that pooling different treatment cohorts in
the matching step creates an additional bias. Specifically, our Theorem 1 decomposes the prob-
ability limit of the post-matching 2WFE estimator into a linear combination of cohort-specific
ATTs and three types of bias: one due to the heterogeneity of treatment effects over time, one due
to the heterogeneity of treatment effects across cohorts and a bias due to differences in covariate
distributions across different treated cohorts. Because the third bias, which is specific to our set-
ting, is caused by differences in covariate distributions and not by treatment effect heterogeneity,
this bias remains even when the treatment effect is constant.

Another closely related strand of the literature is the one analyzing DiD and 2WFE under a
conditional parallel trends assumption (Abadie, 2005; Sant’Anna and Zhao, 2020; Callaway and



Sant’” Anna, 2021). These studies focus on inverse-probability weighting and doubly-robust esti-
mators. We build on their framework to analyze alternative estimators that control for covariates
employing fully non-parametric nearest-neighbor matching methods.

Our paper also contributes to the literature on cross-sectional matching methods (Heckman,
Ichimura, and Todd, 1998; Abadie and Imbens, 2006, 2008, 2011, 2012, 2016; Abadie and Spiess,
2022) by generalizing the results to 2WFE estimators with panel data. Specifically, our Propo-
sitions 1 and 2 show that while the post-matching 2WFE that pools all treated cohorts is a
complicated linear combination of 2x2 DiD estimators, the estimator that compares one treated
cohort to the never-treated can be recast as a cross-sectional matching estimator using a simple
transformation of the outcome of interest, and thus existing matching methods can be used to
characterize the probability limit and asymptotic distribution of this estimator. In addition, our
closed-form characterization of the asymptotic variance based on the results by Chen and Han
(2024) allows us to compare it to the semiparametric efficiency bound for a general dimension of
the covariate vector, a result previously available only for the scalar case. In line with existing re-
sults for the average treatment effect (ATE) in cross-sectional settings (Abadie and Imbens, 2006;
Lin, Ding, and Han, 2023), we find that the asymptotic variance is larger than the semiparametric
efficiency bound, but approaches it under some conditions as the number of neighbors diverges.

Finally, among the papers at the intersection of matching and panel data methods, Heckman,
Ichimura, and Todd (1997) propose a DiD-matching estimator in a two-period setting and de-
rive its limiting distribution when matching is conducted using kernel and local linear regression
methods. We complement their findings by considering nearest-neighbor matching with multiple
periods and a staggered design, a setting that is very common in empirical work. Imai, Kim, and
Wang (2023) propose matching methods for panel data, matching units based on their treatment
history. They also show that their estimators can be written as weighted 2WFE regressions, but
their inference is conducted conditionally on the matching weights and does not account for the
variability introduced by the matching step.

The remainder of the paper is organized as follows. Section 2 describes the setup, notation
and provides identification conditions for the parameters of interest. Section 3 characterizes the
estimators of interest and their probability limits. Section 4 studies the asymptotic distribution
of the estimators, provides a closed-form formula for their limiting variance, discusses efficiency
and the inconsistency of the naive cluster-robust variance estimator that ignores the matching
step. Section 5 contains simulations studies and Section 6 illustrates our results using data from
the NSW program. Section 7 discusses extensions of our results to other types of matching, and

Section 8 provides concluding remarks.



2 Setup and Identification

Consider panel data following n units ¢« = 1,...,n over T' time periods t = 1,2,...,7T. Let ¢}
be a random variable with support S = {s € {2,...,T, 00} : P[tf = s] > 0} that indicates the
period in which unit 7 receives the treatment for the first time. The values of ¢} identify different
treatment cohorts. We assume that there is at least one pure pre-treatment period (and possibly
more) in which no unit is treated, P[t; = 1] = 0, and denote the never-treated units by ¢} = oco.
We denote the population proportion of each treatment cohort by ps = P[tf = s]. We assume
that the treatment is an absorbing state, so that once unit ¢ is treated, it remains treated through
period T. Let Dy = 1(t > t7) be the treatment indicator in each period.

For ¢ > t, let dp.y = (di,diy1,...,dy) be a vector of treatments between periods t and ¢,
where d; € {0,1} and d;y1 > d; for all ¢, and let 0.y and 1.4 be vectors with all their entries
being equal to zero or one, respectively. We use the shorthand notation d;; = d;. Without
further assumptions, the potential outcome for each unit in each time period may be a function of
the whole treatment path, Y;;(dr). We introduce the following assumption, standard in the DiD

literature, which ensures that potential outcomes do not depend on future treatments.

Assumption 1 (No treatment anticipation) For allt, Y;;(dr) = Yi(ds).

We use the shorthand notation Y;;(0;) = Y;(0) to denote the potential outcome of a unit not
receiving treatment up to period ¢ and, for any t > t7, we write Yi;(t;) = Yi (041, 14+), which
is the potential outcome in period ¢ for a unit that enters treatment in period ¢;. The unit-level
treatment effect is defined as 7; = Yi(tf) — Yi#(0). The main parameters of interest are the
cohort-specific ATTs, E[r;|tf = s].

Let X; be a time-invariant vector of covariates of dimension ¢ > 1, measured at a pure pre-
treatment period ¢t < min{¢f}. To justify the matching procedure, we assume that the parallel

trends assumption holds conditional on covariates in the following way.

Assumption 2 (Conditional parallel trends) For all t,
E[Yit(0) = Y1 (0)]t7, Xi] = E[Yie(0) = Vi (0)[Xi] - (as.).

This assumption states that for each value of X;, all treatment cohorts experience the same
outcome trend in the absence of treatment.

Finally, let e,(X;) = P[tf = s|X;] be the cohort-specific propensity score, that is, the probability
of entering treatment in period s given covariates X;. We impose the following conditions which

guarantees a non-zero mass of never treated and common support.

Assumption 3 (Overlap) P[tf = oo] > 0 and for all s € S, es(X;) < 1 —1n (a.s.) for some
n > 0.



The following identification result is standard in the literature, and we include it here for

reference.

Lemma 1 Under Assumptions 1, 2 and 3, for anyt' < s <t < ¢,

E[ry|t: = s] = E[Yy, — Yiu|t: = s] — E{E[Y}, — Yiu|t: = &', X;]| £} = s} .

3 Post-matching 2WFE estimation

Consider a sample (Yj1,...,Yir, t7, X])7,. Let Ny = > . 1(t; = s) be the number of units in
treatment cohort tf = s < oo and Ny = >, 1(tf = oo) be the number of never-treated units
in the sample, with corresponding sample proportions p, = Ng/n and p,, = No/n. We assume

observations are drawn independently from the same distribution.

Assumption 4 (Random sampling) (Yj1,...,Yr, t5, X)), is a sample of independent and
identically distributed observations from a population (Y7, ..., Y, t*, X').

We study the following two-step estimation strategy commonly used in empirical practice.
In the first step, each treated unit is matched with replacement to M > 1 units from the pool
of never-treated units based on their covariates X;. In the second step, treatment effects are
estimated using a 2WFE regression with weights defined by the matching procedure, as described
in detail below.

To analyze the matching step, we rely on the setup from Abadie and Imbens (2006). As in

their paper, we consider the case in which all the covariates are continuous, and discuss matching

on discrete covariates in Section 7. Let ||z|| = va’x. For each unit i, we define j,,(i,s’) as the
index j € {1,...,n} of units in comparison cohort s’ # t¥ such that:

Y HIX =Xl < X = Xill} = m,

litf=s'

that is, the index of the m-th closest unit to 7 in covariate values among the comparison cohort s'.
Let T (i, 8") = {51(i,8),72(i,8"), ..., jm(i,8')} be the set of indices for the M nearest neighbors

in cohort s for unit ¢. Finally, let:

Ky(iys) =Y 1{i € Ju(l.t])}

litf=s

be the number of times unit 7 is used as a match for units in cohort s. We also let:

Ky(i) =Y Kyli,s)

sF£tY



the total number of times unit 7 is used as a match for units in any other cohort.

Once the matching is conducted, treatment effects are estimated using a 2WFE regression
on the matched sample that includes the treated units and their nearest neighbors. We consider
the following general weighted 2WFE estimator. Let w; be (possibly random) unit-level weights,
collected in a vector w = (wy,...,w,). For each time period t = 1,...,T, let A\, € {0,1} be a
nonrandom indicator of whether the period is included in the analysis, and collect these indicators
in a vector A = (Ay,..., Ap) where Y, A\, > 2 so there are at least two periods. The weighted
2WFE estimator is defined as the estimator of 7 from the 2WFE regression:!

Yie = o + 0 + 7Dy + uyy (1)

using weights w;\;, and can be written as:

cw, ) = i 2ot 0iMYe(Du = Di = Dy + D) o)
Zi Zt wiADit(Dyy — D; — Dy + D)
where
D‘ _ Zt >\tDit D o Zz w@'Dit D _ Zz Zt wi)\tDit.

L PP YA o dowi Do Wid A
Lemma B1 in the appendix provides a general representation of this estimator for an arbitrary set
of weights.

In what follows, we focus on the empirical approach described above, which assigns a weight
equal to one to all treated units, pooling all treatment cohorts, and reweight the never-treated
units by the number of times they are used as a match, scaled by the number of neighbors M.
We refer to this estimator as the full-sample matched 2WFE estimator. The following result

characterizes this estimator.
Proposition 1 Let

wt = 301t = 5) +1(t; = o0) K2l

$F£00

and wP*® = (WP, .. wre®). With these weights, the weighted 2WFE estimator (2) can be written

as:

ey )

7A_poo| ()\)

den

'We assume that the weights (w, \) are chosen in such a way that this estimator is well defined, which requires
avoiding perfect collinearity between the regressor D;; and the unit and time effects. This rules out obvious cases
where, for example, no included cohort experiences a treatment change between the included periods, or all included
cohorts experience the same treatment change.
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Proposition 1 shows that the full-sample matched 2WFE estimator can be decomposed as a
linear combination of all possible 2x2 estimators, comparing each cohort s to the never-treated
cohort in different post- and pre—treatment periods, 75(t,t'), and comparing each treated cohort
s to other eventually treated cohorts, 75 (¢,t') for s’ # co. As pointed out in the literature on un-
matched 2WFE estimators (De Chaisemartin and d’Haultfoeuille, 2020; Athey and Imbens, 2022;
Goodman-Bacon, 2021; Imai and Kim, 2021; Sun and Abraham, 2021; Borusyak, Jaravel, and
Spiess, 2024), the second set of comparisons is problematic because it involves some comparison
groups that are already treated, often known as “forbidden comparisons”. Importantly, while the
2x2 estimators using the never-treated, 72 (¢,t’), use the matching weights, the 2x2 estimators com-
paring different eventually treated cohorts, 75(¢,t") for ' # oo, are unweighted DiD comparisons.
These unweighted comparisons generally bias the estimator, as we show next. To characterize the

probability limit of the estimator, we introduce the following regularity conditions.
Assumption 5 (Regularity conditions)

1. The conditional densities of X;|tf = 0o and X;|tf = s for all s € S\ {o0}, fo(x) and fs(x)
respectively, are continuous and have convex and compact support, and fo(z) is bounded away

from zero.
2. For all s, t and any treatment path d;, E[Y;(d)|t; = s, X; = x| is Lipschitz-continuous.

3. For all s, t and any treatment path d;, V[Yi(d)|t; = s, X; = x| is Lipschitz-continuous and

bounded away from zero.

4. For all s, t and any treatment path d;, E[Y;(d)*|t; = s, X; = x| is uniformly bounded.



Theorem 1 Under Assumptions 1-5,

*:S]
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where Bt BPet. and Bpoo are bias terms defined as:
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and where, letting A =3, A/ D2, A, the weights are:
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(s 85 2) = [ ;],9 pv/EA‘/As)_ L= e oo
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Theorem 1 shows that in a staggered design, the post-matching 2WFE estimator does not
generally recover a causally interpretable parameter. The probability limit of this estimator
can be decomposed into four components. The first component, in the first line of the ex-
pression for 7(wP°®, \) above, is a weighted average of ATTs across cohorts and over the in-
cluded time periods, where the weights are non-negative and sum up to one, Y .__ #1(s,A) +

Y scoo Doscsi<oo @2(8,8', A) = 1. Although this is a proper weighted average, the weights may be

highly unequal across ATTs, and this term is generally hard to interpret.



In addition to this weighted average of ATTs, the full-sample matched 2WFE estimator con-
tains three bias terms. The first bias, Bt involves differences in ATTs in a given time period
between different cohorts, E[r;|t} = s| — E[r;|tf = s’|. These terms are non-zero whenever treat-
ment effects are heterogeneous across cohorts. Notice that because this term consists of differences
in ATTs, some ATTs enter negatively. This is an illustration of the negative weights issue pointed
out in the literature on unmatched DiD with staggered adoption.

The second bias, Bt | involves the change in the ATTs for a given cohort over time, E[r; —
T |tf = §']. This term appears because the 2WFE estimator uses already-treated units as com-
parison units, resulting in some ATTs entering with a negative sign in the probability limit of
the estimator. Notice that the bias terms Bt and Bt have been discussed in existing litera-
ture analyzing unmatched DiD estimators. Theorem 1 shows that these issues persist when using
matched 2WFE estimators.

The third bias, Bpee, on the other hand, is specific to the post-matching setting when the
matching is conducted as explained above. This “pooling bias” involves differences in untreated
outcome trends across eventually-treated cohorts, B (¢,¢'). To understand the intuition behind

this bias, notice that these terms can be rewritten as:

Bi(t,t)=E {E [Yie(0) = Yie (0)[1 = s, X (fS(Xi}(;(SSI (Xi)) }

where f(z) is the unconditional density of X; and fs(x) and fy(x) are the conditional densities of
X; for cohorts s and &', respectively. Thus, this bias is driven by the difference in covariate dis-
tributions across eventually-treated cohorts. As shown in Proposition 1, the full-sample matched
2WFE estimator involves comparisons between different treated cohorts. Although each treated
unit is matched in the first step to a never-treated unit, ensuring that the distribution of covariates
for the treated is identical to the reweighted distribution of the never-treated, the different treated
cohorts are not matched to each other, and thus their covariate distributions will differ in general.
Because the parallel trends assumption only holds conditionally on X;, different treated cohorts
may have different unconditional trends in their untreated outcomes, which creates this bias. In
other words, when the parallel trends assumption holds conditionally, any unmatched compari-
son between eventually treated cohorts is invalid, even those involving not-yet-treated units as
comparisons.

When the treatment effect is constant both across units and over time 7;; = 7, E[ry|t; =

s] — Elru|t; = §] = Elrie — mw|tf = s'] = 0, so the biases due to treatment effect hetero-
geneity equal zero, B, = Bt = (0. However, the bias due to the difference in covariate

distributions, Bpool, remains regardless of whether treatment effects are homogeneous or hetero-
geneous. This bias equals zero when either the parallel trends assumption holds unconditionally,
E[Yi(0) = Y (0)|tF = s, X;] = E[Yie(0) — Y (0)|tf = s] for all s, so matching is unnecessary, or

when the distribution of covariates across cohorts are the same, fs(x) = fy(z), which is generally

10



not true even when the treatment effect is constant.

Thus, the commonly used full-sample matched 2WFE estimator requires stringent homogene-
ity conditions on treatment effects and covariate distributions to recover causally interpretable
parameters when there is variation in treatment timing. To avoid this problem, a staggered design
can be split into multiple pairwise designs, as suggested by Callaway and Sant” Anna (2021); Sun
and Abraham (2021); Steigerwald, Vazquez-Bare, and Maier (2021), among others, in unmatched
panel designs. We now consider an estimator that assigns weight equal to one to units in a specific
cohort ¢ = s, weights equal to Ky (i, s)/M to never-treated units, and weight equal to zero to all
other cohorts. We refer to these estimators as pairwise matched DiD estimators. The following

proposition characterizes this estimator.
Proposition 2 For a given s € S\ {oo}, let:

o
wi = 1(6 = 5) + 1t = o) "2,

with w® = (w3, ..., ws). With these weights, the weighted 2WFE estimator (2) can be written as:

n

) = 5 (106 =9 - 10 =0 ) (e i)

where
YPOSt’S()\) _ ZtZs AYis : ﬁpre,so\) _ Zt<s AYi
ZtZs )\t Zt<s )\t

1
are the average outcome for each unit in the included post- and pre-treatment periods, respectively.

Proposition 2 shows that the pairwise matched DiD estimator can be recast as cross-sectional
matching estimator like the ones studied by Abadie and Imbens (2006), where the outcome is
the difference in average post- and pre-treatment periods. As an illustration, for a given s, when
Ar = 1(t € {¢',¢}) for a pair of periods such that ¢ < s </,

) = 5 3 (106 =9 - 106 =05 ) 3 i

which is a 2x2 (i.e. two-group-two-period) matched DiD estimator.

Remark 1 (Normalized weights) Because weighted OLS automatically normalizes the weights
to sum to one, and since the sum of the number of times each untreated unit is used as a match,
Yo Lt = 00)K (i, s), equals the total number of matches, NyM, it follows that Proposition 2

also holds for normalized weights:

. I(tr=ys) Ky, s)
s 2\ 7 5) g gy MBS
Wi N (5 = o0) N.M

11



which replicate those in Abadie and Imbens (2006).

The pairwise matched DiD estimator is consistent for an average of the ATTs for cohort s over

the included post-treatment periods ¢ > s, as we show below.

Theorem 2 Under Assumptions 1-5,

ZtZs ME[Ti|t; = s]
ZtZS )\t ’

As an illustration, if Ay = 1(¢t € {¢',¢}) with ¢/ < s < ¢, we have that 7(w®, \) —p E[r|t] = 5]
which is the ATT for cohort s in period £. On the other hand, when all periods are included, so
that A\, = 1 for all ¢, 7(w®, \) —p >_,s E[ru|t; = s]/(T +1 — s) which is a simple average of ATTs

over periods t > s.

%(ws, )\) — P

Remark 2 (Not-yet-treated) This result, and all subsequent results for the pairwise matched
DiD estimator, immediately generalizes to the case where units in cohort s are matched to units
in some other eventually-treated cohort s’ # s instead of the never-treated, as long as cohort s’ is
untreated in all periods for which \y = 1. This corresponds to the case where the not-yet-treated are
used as comparison units, as discussed in Callaway and Sant’ Anna (2021) and Sun and Abraham

(2021).

These results demonstrate that the inconsistency of the full-sample matched 2WFE estimator
can be avoided by comparing each treated cohort to the never treated, which consistently estimates
an average of ATTs over time. When conducting inference based on the pairwise matched DiD
estimators, the variance needs to account for the variability introduced by the matching step, and
failing to account for this variability generally results in invalid standard error estimators. The
next section studies the asymptotic distribution of the pairwise matched DiD estimators, proposes
valid standard error estimators and characterizes the bias of the naive variance estimators that

ignore the matching step.

4 Asymptotic Distribution and Inference

In this section, we study the asymptotic distribution and valid inference procedures for the pairwise
estimators (3). In what follows, for a given s € S, let AY;*(A) = Yo (\) — YP°(N), pa(s, ) =
E[AYS(N)|tr = 5, X; = 2] and 03(s,z) = V[AY(\)|t; = s,X; = x] where we use the notation

(0, 2) and ¢3(0,z) when s = co. Also let:

B ths AtTit

7—_'post,s ()\) —
ths )\t

)
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be the average unit-level treatment effect over the included post-treatment periods ¢ > s with
s < 0o. The following result characterizes the asymptotic distribution of the pairwise matched

DiD estimator.

Theorem 3 Under Assumptions 1-5, for s € S\ {0},

Vi (F(w®, N) = E[FP° (N[t = s] — Ba(s, M)) —p N(0,V (s, \))

1

where

V(s,\) = ~E [(E[ﬂ"°§t’s()\)|t*f = 5, Xi] — B[FP* (At = s])°

(3 3 7
S

GS(XZ‘)
€oo(Xi)

i ﬁﬂ-«: KM +a(M, q) > es(Xi)O-i(QXi)] )

a(M,q) is a distribution-free, nonrandom function defined in Chen and Han (2024) and

Bt ) = - 30 (106 = 5) = 106 =50 ) 0,10

i

Theorem 3 shows that the pairwise matched DiD estimator is asymptotically normal after
appropriate centering and scaling, which means that valid inference can be conducted using stan-
dard procedures. In general, the estimator needs to be bias-corrected, as initially pointed out by
Abadie and Imbens (2006). We refer to this bias By(s, M) as the “matching bias”. The match-
ing bias By (s, M) is a finite-sample bias due to the fact that, when covariates are continuous, it
is not possible to find perfect matches for treated units in any particular sample. This type of
finite sample bias is typical in nonparametric estimators. It can be shown that under the assump-
tions in the theorem, By (s, M) = Op(n~'/7) where q is the dimension of X;. This implies that
Bi(s, M) = op(1) so the matching bias does not appear in the probability limit of the estimator,
but it needs to be accounted for in the asymptotic distribution because it is multiplied by the
convergence rate.

In some cases, the bias correction is not needed. For example, when matching on a single
covariate, v/nBy(s, M) = op(1). Abadie and Imbens (2006) also provide an alternative sampling
scheme in which the bias is asymptotically negligible when the never-treated group is “sufficiently
larger” than the treated group; see Section 7.2 for further discussion. Finally, when matching on
discrete covariates, matches are exact, so the bias is zero, as discussed in Section 7.1.

For these reasons, the nature of the matching bias is very different from that of the pooling
bias of the full-sample matched 2WFE estimator characterized in Theorem 1, By . Specifically,
the pooling bias is a large-sample bias that appears in the probability limit of the estimator, and
does not decrease with the sample size.

Because the pairwise estimator is asymptotically normal, valid inference can be conducted
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using standard methods after estimating the bias and the asymptotic variance that accounts for
the matching step. Proposition 2 shows that the pairwise matched DiD estimator can be written
as a cross-sectional estimator, and therefore the methods available in the literature for bias and
variance estimation like the ones in Abadie and Imbens (2006, 2011) can be applied in our setting

after transforming the data appropriately.

4.1 Efficiency

The analytic formula for the asymptotic variance we derive in Theorem 3 allows us to study the
efficiency of the pairwise matched DiD estimator for a general dimension of the covariate vector.
Under Assumptions 2, 3 and 4, Sant’Anna and Zhao (2020) derive the semiparametric efficiency
bound for the ATT with panel data under the conditional parallel trends assumption. When

comparing cohort s against the never-treated, the bound is given by:

Vees(\) = E |:0§(87)22)68(Xi) n (E[FP25 (V) |tr = s, X —pIE,[TZ.p“ S|t = s])%es(X;)
+E [exwﬁim,xﬂ s @
Pieso(Xi) '

Then we have the following result.

Proposition 3

V(s,A\) — Veea(\) = %E |:€s(Xi)(;);\(0,Xi>} N (oz(M, q 1) E [es()efi)(;ii()(])?é&)] |

Proposition 3 shows that the matched DiD estimator does not attain the semiparametric
efficiency bound, and that the difference between the asymptotic variance and the bound depends
on the number of nearest neighbors M and on the dimension of the covariates ¢ through the
function a(M, q). As an illustration, with a single covariate ¢ = 1, a(M, 1) = M(2M +1)/2 (Chen
and Han, 2024) and thus:

1 es(Xz)O'g\(O;Xz) 1 GS(XQ)O&(O,XZ)
) — Vegg = —F E i .
VisA) = Veee = 7 { 2 LTV A

In this case it is clear that the difference between the variance and the bound vanishes as M — oo,
in line with the results in Abadie and Imbens (2006) and Lin, Ding, and Han (2023) for the ATE
with cross-sectional data under unconfoundedness. Because the closed form of a(M, ¢) has not
been characterized for a general M and ¢, it is hard to extend this statement for the general
case. However, the tabulations in Chen and Han (2024) show that for M € {2,3,...10} and
de{2,3,...,10}, a(M,q)/M? —1 < 0.15, and that a(M,q)/M? — 1 is positive and decreasing in
M for each of these values of M and gq.
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4.2 Inference Ignoring the Matching Step

Because the pairwise matched DiD estimator is constructed in two steps, inference needs to ac-
count for the first-step estimation in the second-step asymptotic variance, as done in Theorem 3. In
practice, however, researchers often rely on the cluster-robust variance estimator from the second-
stage 2WFE regression, failing to account for the variability introduced by the matching step,
which results in inconsistent variance estimators. With cross-sectional data under unconfounded-
ness, Abadie and Imbens (2016) compare the asymptotic variance of the oracle propensity-score
matching ATT estimator with the variance of the ATT estimator using the estimated propensity
score, and show that the latter can be smaller or larger depending on the data generating process.
On the other hand, Abadie and Spiess (2022) consider post-matching regression estimators using
cross-sectional data and matching without replacement and show that standard errors that fail to
account for the matching step are inconsistent when the regression of interest is misspecified. In
this section, we derive the probability limit of the cluster-robust 2WFE variance estimator that
ignores the matching step, which we refer to as the naive cluster-robust variance estimator.

By Proposition 2, the cluster-robust 2WFE estimator of the variance of 7(w?®, A) can be written

as:

A 1 . . 1 N KM(’i,S)2 .

where:
&= AVE(N) — (Ni S = gm?;@)) 1 = s)
1 * KM(]? S) S *
_ (F > = 00) =7 —AY; (,\)> 1(t; = 00)

is the regression residual and the dependence on A is left implicit to reduce notation. The following

result characterizes the probability limit of this estimator.

Proposition 4 Under Assumptions 1-5,

nVner = V (s, \)
1 _
+ - VIBIATZO A = 5, Xt} =
2 _
+ —Cov(E[FP*" (N)|ts = s, X, E[AY (0, M)|t: = s, Xj]|t; = 5)
1 es(X;)
—E (M M

) e (X)(E[AY(0, N[t = 5, X,] — E[AY?(0, V]t = s)?
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where
ATp(0,3) = 2z Tl0) D A
ZtZS >\t Zt<s >\t

Proposition 4 shows that if E[AY;*(0, \)|t; = s, X;] = E[AY*(0, \)|t; = s], so that covariates

do not affect the average counterfactual trend, the naive cluster-robust variance estimator that

ignores the matching step is consistent for the true variance. This case, however, only occurs
when the matching step is unnecessary, because counterfactual trends are parallel unconditionally.
More generally, the naive cluster-robust variance estimator is inconsistent for the true asymptotic

variance, with an asymptotic bias given by:
1 \/ * *
—VIE[AY? (0, A)[t; = s, Xi]|t; = s]
Ps
2 _
+ —Cov(E[FP*" (N)|t: = s, X, E[AY (0, M)|t; = s, X,]|t; = 5)

1 es(Xi>
—E M M
T K oMo

) €0 (X) (BIAY(0, N [EF = 5, X;] — B[AY(0, At = s)?

The direction and magnitude of this bias depend on the data generating process. The first and
third and terms are always positive, whereas the covariance can be positive or negative. For
example, if the conditional ATT, E[r;|t! = s,X;], is constant over X;, the covariance is zero
and thus the naive variance estimator is upward biased. In such cases, ignoring the matching step
results in overly conservative standard errors. On the other hand, when the covariance between the
conditional ATT and the conditional trend of the untreated outcome is negative and large enough,
the bias may be negative, resulting in standard errors that underestimate the true variability of

the estimator. We further illustrate these cases with simulations in the next section.

5 Simulations

We now present two simulation studies to illustrate the problems with post-matching 2WFE
estimators analyzed in previous sections. In the first study, we consider a staggered treatment
adoption setting to illustrate the asymptotic bias. In the second study, we show how failing
to account for the matching step when conducting inference results in invalid standard errors,

considering cases where the unadjusted standard errors are too large and too small.

5.1 Bias in Staggered Designs

Our first setup consists of panel data with a total of n = 1,000 units and four time periods,
t = 1,2,3,4. Units belong to one of three cohorts, tf € {2,3,00}, so the “early adopters” enter

treatment in period t = 2 and the “late adopters” enter treatment in period ¢ = 3. Units are
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assigned to cohorts based on a multinomial rule:

1 - 1)X;
Pl = s|X)] = exp((s — 1)X;) |
1+ exp(X;) + exp(2X;) 1 + exp(X;) + exp(2X;)

Plt: = oo| X;] = s=2,3

where X; is a scalar covariate with X; ~ Uniform(—1,2). The untreated potential outcome is
defined as:

with (v, ui, X;) mutually independent. This implies that E[Y;;(0) — Y;;—1(0)|tf = s, X;] = 1+5X;
for all s, so the conditional parallel trends assumption holds (the unconditional parallel trends
assumption does not because E[X;|tf = s] differs across s). To focus on the bias due to the
matching procedure and abstract from the other biases characterized in Theorem 1, we assume

that the treatment effect is constant, 7 = 5. The model for the treated potential outcome is:
Y;'t(l):5+Oéi+(t—1)+5X¢(t—1)—|—vit, UitNN(O,l).

We estimate 7 by matching each treated unit to a never-treated unit in the first step and running
Equation (1) in the reweighted data. The results are displayed in the first column of Table 1. The
results show that the bias of the full sample matched 2WFE is about 0.7 or 15% of the true ATT.

In addition, the naive cluster-robust standard error severely overestimates the true variability.

5.2 Post-Matching Inference

Our second simulation exercise illustrates how failing to account for the matching step leads to
invalid inference. We consider panel data with a total of n = 1,000 units and four time periods,
t =1,2,3,4. Units belong to one of two cohorts, tf € {3,000}, so there is a treated cohort that
enters treatment in period 3, and a never-treated cohort. Units are assigned to treatment based
on a logistic model:

* eXp(XZ)
Pt =3|X;| = ————
[ ’ | ] 1 + eXp(Xl)

where X; is a scalar covariate with X; ~ Uniform[—1/2,1/2]. We consider two designs. The first

design has a constant treatment effect equal to 5 and the potential outcomes are given by:

where as before u;; ~ N(0,1), vy ~ N(0,1) and (ay, uy, X;) mutually independent. Because

in this setup the treatment effect is constant, Proposition 4 shows that the naive cluster-robust
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standard error is biased upwards.

In the second design, the potential outcomes are given by:

which implies that the conditional ATT is E[Y;(1) — Yi(0)[tf = 3, X;] = 7X,(¢t — 1) which changes
across X; and over time. On the other hand, E[AY;(0)|X;,t} = s] =1 — 2X; and Cov(E[Y;(1) —
Yi(0)|t: = 3, X;], E[AY;(0)| X, tf = s]|tf = s) = —14(¢t — 1)V[X;] which in this case results in
downward-biased standard errors.

The results from these simulations are shown Table 1. Column (2) reports the result for
the constant treatment effect scenario. As shown in Proposition 4, when the treatment effect is
constant, the naive variance estimator overestimates the true variability. In this case, the Monte
Carlo (MC) standard error is 0.086, while the average of the naive standard error across simulations
is 0.257, about three times larger. This upward bias results in overcoverage of confidence intervals
and loss of power. On the other hand, the standard error estimator that accounts for the variability
of the matching procedure is 0.085, almost identical to the MC standard error, and reaches correct
coverage.

Column (3) reports the results for the case with a heterogeneous treatment effect and a negative
covariance between the conditional ATT and the conditional outcome trend under no treatment,
the third term in Proposition 4. In this case, the negative covariance term yields a downward-
biased standard error of 0.209, about 13% smaller than the MC standard error (0.239) and the
naive CI undercovers the true parameter. As before, the standard error that accounts for the

matching procedure gives is very close to the MC standard error and reaches correct coverage.

Table 1: Simulations Results

SO ) ©))

Bias 0.702 -0.000 -0.002
MC se 0.195 0.086 0.239
Naive CR se 1.274  0.257  0.209
Coverage (naive) 100.0 100.0  91.2
CR se - 0.085 0.239
Coverage - 94.3  95.0

Notes: “Bias” is the average difference between the estimates and the true parameter across simulations. “MC
se” is the Monte Carlo standard standard deviation of the estimates. “Naive CR se” is the average naive cluster-
robust standard error that ignores the matching step, and “Coverage (naive)” is the coverage of the corresponding
95% confidence interval. “CR se” is the cluster-robust standard error that accounts for the matching step, and
“Coverage” is the coverage of the corresponding 95% confidence interval. Results from 5,000 simulations.
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6 Empirical Application

We now illustrate our results using data from the National Supported Work (NSW) Demonstration.
Using the NSW experimental data as a benchmark, LalLonde (1986) compared different non-
experimental methods to determine whether they can replicate the experimental findings. This
study sparked an extensive debate about the credibility of non-experimental methods (see Imbens
and Xu, 2025, for a recent review).

Following LaLonde (1986), we use data from the Current Population Survey (CPS) to construct
a comparison group for the experimental treatment group using nearest-neighbor matching. The
outcome of interest is earnings, which is measured in 1974, 1975 (before treatment) and 1978
(after treatment). Our list of covariates includes indicators of age at baseline, indicators of years
of education and indicators of being married, Black and Hispanic.

We compare the following specifications using earnings data from 1975 and 1978, which con-
stitutes a two-period panel: (1) a difference in mean earnings between treated and controls in the
experimental sample (“Experimental”), (2) an unmatched 2WFE regression (“2WFE”), (3) a naive
matched 2WFE regression where standard errors do not account for the matching step (“Naive
matched 2WFE”), (4) a matched 2WFE regression calculating valid standard errors (“Matched
2WFE”), (5) a matched 2WFE regression with valid standard errors and bias correction using a
linear specification for the covariates (“Matched 2WFE - BC”) and (6) a 2WFE regression on the
matched sample, that is, on the sample excluding any untreated units that are not matched to any
treated unit, but without accounting for the number of times each untreated is used as a match
(“2WFE in matched sample”). All standard errors are clustered at the individual level.

The results are shown in Column (1) of Table 2. The experimental estimate of the ATT is $886.3
with a p-value of 0.069. We use this value as a benchmark. The unmatched 2WFE regression
yields an estimate of about $1,714, almost twice as big as the experimental benchmark, with a
p-value close to zero. The weighted 2WFE that uses matching in the first step gives an estimate of
around $930 (p-value 0.117), much closer to the experimental benchmark. As shown in Proposition
4, the standard error estimator in this specification is inconsistent because it does not account for
the matching step. When adjusting for the matching first step, the standard error increases from
$593 to $635. The bias-corrected matched 2WFE specification reports a slightly lower estimate
of $809.21 with a very similar standard error. Finally, the 2WFE regression dropping unmatched
units reveals an estimate of about $418, approximately half the experimental benchmark.

Column (2) of Table 2 repeats the same analysis for a placebo outcome. In the experimental
sample, this corresponds to a difference in mean earnings in 1975 (before the treatment) between
treated and controls. For all other specifications, the placebo test uses data on earnings in 1974
and 1975, and can be interpreted as a pre-trends test. Because all the data in these specifications
is pre-treatment, all estimated effects should be close to zero and insignificant. While all the

estimates are insignificant at the usual levels, the one from the unweighted 2WFE and the one

19



from the regression that ignores repeated matches show the largest magnitudes and lowest p-values.

7 Extensions to Other Types of Matching

7.1 Matching on Discrete Covariates

When the vector X; is a low-dimensional vector of discrete covariates, the matching can be done
exactly, which eliminates the matching bias. Without loss of generality, suppose that X; is a scalar
taking values in a finite set X. For such cases, a consistent and asymptotically normal estimator

is given by:

) = 3 (107 =) 107 = o0) ) vy

where
LX) Bl — X, — ] i M = )UK = )
és(Xi) = Plif = s|X; = 2] = S (X =) '

This estimator that reweights never-treated units by the ratio of the estimated propensity scores is

equivalent to the matching DiD estimator (3) that matches each treated unit to all never-treated
units in the same covariate cell X; = z. Because in this setting the number of units in each
covariate cell increases as n — oo, this estimator can be seen as a matching estimator with a
diverging number of matches, similar to the ATE estimator considered in a cross-sectional setting
under unconfoundedness by Lin, Ding, and Han (2023). This estimator attains the semiparametric

efficiency bound (4), as shown in the following result.

Proposition 5 Under Assumptions 1-4, if E[Yi(dy)|t: = s, X; = @] is bounded and V[V (dy)|t: =
s,X; =x] >0 foralld;, s and z,

V(s (A) = E[FP (V)] = s]) —p N (0, Vees (M)

7.2 Matching Without Replacement

Matching is sometimes carried out without replacement. In such cases, whenever an untreated
unit is matched to a treated unit, that unit is removed from the pool of untreated. This implies
that each treated unit is used at most once, Ky (i) € {0, 1}, and the size of the matched sample is
(M +1)N,. We now discuss how to adapt our results to the case of matching without replacement,
building on the results by Abadie and Imbens (2012) and Abadie and Spiess (2022). For simplicity

we consider the case where the population consists of only two cohorts, t7 € {s,o0}. In this case,
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Table 2: Estimated Effects of the NSW Job Training Program

(1) ATT estimate

(2) Placebo test

Experiment

Coefficient 886.30 39.42

Std. err. 488.14 379.01

p-value 0.069 0.917

95% CI [-70.45 ; 1,843.06] [-703.44 ; 782.27|
2WFE

Coefficient 1,714.40 -138.90

Std. err. 485.93 179.79

p-value <0.001 0.440

95% CI [761.98 ; 2,666.81] [-491.30 ; 213.49]
Naive matched 2WFE

Coefficient 929.82 44.20

Std. err. 593.26 309.65

p-value 0.117 0.886

95% CI [-232.97 ; 2,092.62] [-562.71 ; 651.11]
Matched 2WFE

Coefficient 929.82 44.20

Std. err. 635.38 339.08

p-value 0.143 0.896

95% CI [-315.52 ; 2,175.17]  [-620.39 ; 708.79]
Matched 2ZWFE - BC

Coefficient 809.21 219.10

Std. err. 636.85 342.10

p-value 0.204 0.522

95% CI [-439.02 ; 2,057.43] [-451.42 ; 889.61]
2WFE in matched sample

Coefficient 418.10 -306.91

Std. err. 521.98 215.93

p-value 0.423 0.155

95% CI [-604.99 ; 1,441.19] [-730.13 ; 116.31]

Notes: the table show the estimates from (1) a difference in mean earnings between treated and controls in the
experimental sample (“Experimental”), (2) an unmatched 2WFE regression (“2WFE”), (3) a naive matched 2WFE
regression where standard errors do not account for the matching step (“Naive matched 2WFE”), (4) a matched
2WFE regression calculating valid standard errors (“Matched 2WFE”), (5) a matched 2WFE regression with valid
standard errors and bias correction using a linear specification for the covariates (“Matched 2WFE - BC”) and
(6) a 2WFE regression on the matched sample, that is, on the sample excluding any untreated units that are not
matched to any treated unit, but without accounting for the number of times each untreated is used as a match
(“2WFE in matched sample”). All standard errors are clustered at the individual level.
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the post-matching 2WFE estimator using matching without replacement is:

S BRI PN GIVEE S SN FLEY

i JE€ITm (4,00)

The following proposition summarizes the behavior of the ATT estimator under matching without

replacement.

Proposition 6 Suppose that the sample is obtained by drawing N, treated observations and Ny
untreated observations independently from the conditional distribution Yy,...,Yp, X|t* = s and
Yi,..., Yy, X|t* = oo, respectively, and Ny = O(NOI/T) for some r > q/2. Then, under Assump-
tions 1, 2, 3 and 5,

V(M + 1N (F0r(A) = E[FF* (V) [t] = s]) = N(0, Var (V)
where:
Var(A) = (1 4+ M)E [(E[?PW’S()\)H;‘ =5, X;] — E[FPo°(\)|tF = s])2

200, X;
#0008 [od(s ) + A .

The conditional sampling scheme in Proposition 6 and the requirement that N, = O(N& / M,

which implies that the untreated group is “sufficiently larger” than the treated group, ensures that
the bias of the matching estimator is op(n~'/2) (Abadie and Imbens, 2006) and thus bias correction
is not required for asymptotic normality. This is not specific to matching without replacement,

and can also be applied to the results in the previous sections of the paper.

7.3 Propensity Score Matching

When the number of (continuous) covariates is large, matching directly on the vector of covariates
can be computationally cumbersome. In such cases, researchers often resort to matching on the
propensity score, which reduces the problem to matching on a single covariate. Rosenbaum and
Rubin (1983) showed that the propensity score is a balancing score, and thus matching on the
propensity score instead of the full vector of covariates is sufficient for eliminating confounding
bias under a selection on observables assumption. In practice, the propensity score is unknown
and needs to be estimated, which introduces additional variability that needs to be accounted for
when conducting inference. Abadie and Imbens (2016) derive the asymptotic distribution of the
cross-sectional propensity score matching estimator. For the sake of brevity, we do not elaborate

on the technical aspects of this case, but we note that the results in Abadie and Imbens (2016)
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can be adapted to our setting to derive the asymptotic distribution of our pairwse matched DiD

estimator when matching on the estimated propensity score.

8 Conclusion

We analyze the commonly employed empirical strategy of estimating 2WFE regressions in a
reweighted sample where treated units are matched to never-treated units in a first step. This
approach is often used when the parallel trends assumption is believed to hold conditionally on
covariates. By formally characterizing the post-matching 2WFE estimators and their asymptotic
distribution, we highlight two problems with this strategy that generally invalidates its findings.
First, when treated units exhibit variation in treatment timing, the post-matching 2WFE estima-
tor that pools all treated units contains an asymptotic bias that remains even when the treatment
effect is constant. The reason for this bias is that the 2WFE estimator implicitly involves com-
parisons between different treatment cohorts, using one of them as a comparison group. Because
different treated cohorts are not matched to each other, they generally have different covariate
distributions, and thus comparing their outcome evolutions over time is invalid when the parallel
trends assumption holds conditionally, even when the comparison group is not yet treated.

Second, ignoring the matching step when conducting inference based on the post-matching
2WFE estimators results in inconsistent variance estimators, which can be biased upwards or
downwards depending on the data generating process. Specifically, the naive variance estimator is
upward-biased (conservative) when the treatment effect is constant, but can be downward-biased
when there is sufficient treatment effect heterogeneity.

Then, we provide conditions under which the post-matching 2WFE estimator that compares
each treated cohort to the never treated separately is consistent for an average of cohort-specific
ATTs over time, and derive a closed-form representation of its asymptotic variance which can be
used to conduct valid inference post-matching. We also show that this estimator does not generally
attain the semiparametric efficiency bound, but it approaches it as the number of neighbors grows.
We also illustrate our results using simulations and a reanalysis of the data from the NSW job
training program.

While different methods are available to incorporate covariates when the parallel trends as-
sumption holds conditionally, matching-based methods have the advantage of being intuitively
appealing, easy to implement, computationally stable and fully nonparametric. Our findings en-
able empirical researchers to exploit these methods and conduct valid inference on the parameters
of interest. Moreover, because we show that post-matching 2WFE estimators can be recast as
cross-sectional matching estimators, existing statistical software for matching estimators such as

the teffects nnmatch package in Stata can be used after appropriately transforming the data.
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Appendix

A Survey of Empirical Literature

Table A1 lists 22 papers published between 2018 and 2025 in top Economics and Political Science
journals using some version of the post-matching 2WFE estimators analyzed in this paper. The
journals we consider are, in alphabetical order: American Economic Journal: Applied Economics
(AEJEP), American Economic Journal: Economic Policy (AEJEP), American Economic Review
(AER), American Political Science Review (APSR) and Quarterly Journal of Economics (QJE).

B Auxiliary results

Lemma B1 Let

Flw, \) = Zz IZt L Wi (D;
> i 1Zt y wiDi(D;

)
)

S| O

— D, — D, +
—D; — D, +

where Dy = 1(t > t) and

D, = M D, — D wiDiy D — > 2 WirDi
' SN ' Yowi Swid A

Then 7(w, A) = Toum (W, A) /Taen(w, A) where:

Foum (W, A) =33 NN NAPEpLT (¢, )

5<00 s'#s t>s t'<s

Faen(w, X) = (Z)\t> > Y { A+ pYA, V+ > By (A, — A)}
s< o0 s'<s s<s'<oo
s (4 1) = > wil(ty = 5)(Ye — Yie) D wil(ty = 8') (Y — Yiw)
S Zz wi]l(tf = s) Zz wi]l(tf =)

’ > Wi

Lemma B2 Consider a subset of the data with two cohorts s and s', where each unit in cohort s

is matched to M nearest neighbors from cohort s'. Let (Z;)1_, be a sequence of iid random variables
with B[Z|t; = 5, X; = 2] = pz(s,z) and V[Z|t; = s, X; = 2] = 0%(s,x) with both functions being
Lipschitz-continuous and with BE[Z}|tr = s, X; = z] uniformly bounded over x for s and s'. Under
Assumption 3 and 5(1),

o
St =) 7 (o X = o

7

1
N
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(Xo)? B[Zt; = ' X]

1 . oKuis)?,, 1 E[Z2|t: = s, X;]]  a(M,q)_, [es
— > _1(t; =)= 2 —p 37 (X)) o +—37 E -

’(Xl) Ds
C Proofs of Main Results

Proof of Lemma 1

E[Yis — Yiu[t; = s] = E[Ya(t]) = Yir (0)[8] = 5]
= E[ry|t; = 5] + E[Y;(0) — Yiu (0)|tF = 5]
= Elry|t; = s] + E{E[Y;(0) — Yiu (0)|t; = 5, X;]| t} = s}
= Elrult; = s] + E{E[Y(0) — Yir (0)[t; = &', Xi]|t; = s}
= Erult] = s] + E{E[Y; — Yo lt] = &', X}]| £ = s}

as required. [J

Proof of Proposition 1

When w} = Z#OO 1(tr =s)+ 1(t; = 00) K (i) /M,

Zw;‘ﬂ(tf:s):Ns, waﬂ(tf:oo):%ZH(t*—ooKM ZN—n—NO

% s#00

which implies that ). w} = 2(n — Np), p = 1/2 and p¥ = N,/(2(n — No)) = ps/(2(1 — poo)) for
s # 00, and the result follows by Lemma Bl. 0J
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Proof of Theorem 1

The numerator of the estimator can be decomposed as:

Tr?uorzl ) = Z Z Z )\t>\t’ﬁs7ﬁcfo<t7 t/>

s<o0 t>s t'<s

+Y Y Y S swn)

5<00 s<8' <00 s<t<s t'<s

3N S pspf w5, 1)

§<00 s'<s t>s t/<s’!

+ZZZ Z )\t/\t/ psps A,(t,t')

s<00 s'<s t>s §'<t'<s

+Z Z ZZAW psps Afr(t,t,)-

s<00 s<s' <0 t>8! t'<s

Of these five set of comparisons, only the first two use comparison units are untreated in both

periods. This information is summarized in the table below.

Comparison Cohort Status in ¢’ Status in ¢

! <s<t s =00 |Never Untreated Untreated
' <s<t<s < oo | Later Untreated  Untreated

t<s<s <t Later  Untreated  Treated
' <s <s<t Earlier Untreated  Treated
<t <s<t Earlier Treated Treated

Let

B (1,1') = E[Y(0) — Yir (0)]f; = 5] — E[Yis(0) — Yiu (01} = &',

7

By Lemma B2 and Lemma 1,

ro(t,t") —p Elmult; = s]1(s" > t) + (E[r|t] = s] — E[ryy — o [t] = 5]) 1(s" < 1)
+ (Blrult; = s] = E[ru|t; = )1 < s <t
+ B3 (t,t)1(s" # o0)

IN

~—
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and by the law of large numbers p, —p ps. Then,

Tr?frzl (A) —p Zps Z ME[T:|t] = 3] (Z )\t’>

s<00 t>s t'<s

3 Y Y D AN (Blmlt; = 8]+ Bi(t.t)

s<00 s<8/ <0 s<t<s t'<s

T DD D s PP (Blralt; = o] — Elrult; = ] + B (t, 1)

s<o0 s'<s t>s t'<s!

IS Atdv 7 Dol ( [7lty = s] — E[rie — maw[t; = 8] + B3 (¢, 1))

s<00 §'<s t>s §'<t'<s

DD DD M PP (Rlrults = 5] — Blzult; = 8] + B3(1, ).

s<00 s<s'<o0 t>8! t'<s

Rearranging,
DO Z s )‘tE Tlt|t
r?umI %IP Z pS s - s = Z Z )\t
s<00 t>s
PsDs Zt>s )‘t Tlt |t
N ]
s<00 §'<s t>5

2
psps 23§t<s’ )\tE[TZt|t;k = S]
YOS g B (5

s<00 s<s’/ <oo t

+ Z Z Dol max{s,s’}(1 - Amin{s,s’}) ) Z b\

5<00 s'#£s,00

2
rep s MM E[T — T |tE = &
_ZZ DPsDs _As)2t2825§t<5 t\t [ t t| ] Z}\t
ZtZs Zs’<t’<s )\t)\tl t

s<00 s'<s poo

PsPs’ Zt>s Zt’<s MAv B
+ — A, E A
Z Z ) 2 :t>sj :t/<8 AtAf/ t

5<00 s'#s,00 1- poo

t

> (B[l = 5] — Blmalt; = ) 2
(=)

t>max{s,s’'}

On the other hand, for the denominator,

AE:nOI ZPS{ s +Z by _AS>+ Z 1 Pe (1—/\8)(/\3—/\5/)}

s<00 s'<s - poo s<s! <00 ~ P
2
t

and the result follows after simplifying the term (32, \)*. O
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Proof of Proposition 2
When w} = 1(t} = s) + L(t] = 00)K (3, s)/M,
1
Zw]l = N, Zw]lt =o0) = MZ]l(t;‘:oo)KM(i,s):Ns

using that ) . 1(tf = 00)K(i,s) = NyM because the number of times each untreated unit is
used as a match equals the total number of matched units for the treated. This implies that
>, wi=2N, and p¥ = p¥ = 1/2 and the result follows by Lemma B1. O

Proof of Theorem 2

This result follows from Lemma 1 and Lemma B2 under conditional parallel trends. [J

Proof of Theorem 3
Define AY?(\) = Yo —yPes (s, 2) = E[AY(\)|tf = 5, X; = ] and 03 (s, 7) = VAV (\) |t =

s, X; = z] where we use the notation y(0,z) and ¢3(0,z) when s = co. Also let

ZtZs AiTit

7—_'post,s ()\) —
ths )\t

]

By Assumption 2,
E[TPOSt S( )’t* =3 X] /L)\(S,Xi) — MA<07 Xz)

By Proposition 2, the weighted estimator is:

) = 5 3 (160 =5) = 106 =) 215 ) vy

S .
1

This estimator can be rewritten as:

N Z )(1a(s, Xi) — pa(0, X5))

32



where

=5 3 (1 =916 =)
:_Z 1(t

Then,

1

M

=1

ZNAOX

_SMm

KM(Z7 S)
M

> 1A (0, X;)

— 112 (0, X, (i,00))) -

<n

<i1<n

Vi (7w, A) = E[FP V)|t = s] — Ba(s, M)) =
n 1 * 0st, s *
. {%;1(% = 5) (a5, Xi) — (0, X3) = E[FF=* (V[ = SD}
n * * KM(Z7S>
+Fs ;(ﬂ(ti_s)_l(ti:w M
where g;(t;, X;) = AY(\) — u(t5, X;). Define:
7, = 1 = ) (a(s, X0) = pa(0,.X) = E[FF™ (N[t = 5])  if 1<
& (1, =) = U, = 00) ) o (1, X ) i1
so that ,
1 n
Vn (7w, A) = B[FF*H (V)] = s] = Ba(s, M) (_ + OP(l)) > i
5 i=1
Define the o-fields:
F o(t*, Xq,... ifl1<i<n
T ottt X AYE(N), .. AYE (V) ifn+1<i<2n.

Then, the sequence

is a martingale. Now, for 1 < i < n,

1
E[Z2 |Foil =E | | —=1(t; =
[ n,z|fn7l] (\/ﬁ (tz
1(tf =s)

= 2 =g [y (5,) — o 0,X) ~ B )] = o])°

n

s) (pals, Xi) —

(0, Xi) —
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and forn +1 <1 < 2n,

2 1 * * / KM(Z - n, S) * ?
E[Z;, | Fni] = E 7n 1(t, =s)— Lt =s )T Ein(ti_ps Xin) | | Frica
- n i—n — S i—n — S M i—n\Yi—n) <*1—"n i—n) “ri—n
]]'(t;k—n = 8) 2 ]]'(t:—n = OO) KM(Z —n, 5>2 2
B n ox(s, Xi—p) + n ‘ M?2 3(0, Xin).
It follows that:
NS post,s * 21 %
ZE AFuil = Z2E | (1als, X0) = a0, X)) — B[ ([t = s)°|t; = s]
2n .
1 i Ky(i —n, s)?
+ — Z = O')\(S Xz n) + E Z l(tz—n = OO)TUE\(O’ Xi—n)
i=n-+1 1=n+1

7

—p psIE [(,u)\(s,X) MA(O X) IE[ ZpostS( )|t;k _ s])2 o s}

+ pE[03(s, X))t = 5] + %]E [ea(X1)02(0, X,)] + O‘(ﬁ;Q)E Ei@)ai(o,xi)}

by Lemma B2. On the other hand, under finite moments, for 1 < i < n,

B2 Fou] = B | (1007 = 5) (5.0 — a0, 50 ~ BT (0l = 3]) ) |2, X]
= Mg [ (s, ) — (s, X0) — B )1 = o) 1 = o]
< 1(t; 2: S)C

for some finite constant C' and for n + 1 <1 < 2n,

4 1 * * KM(Z — N, 8) * !
E[Zn,iu:n,i] =E ﬁ (¢, =s)—1(t_, = OO)T Eirn(ti_p, Xin) Fri-1

L * * / KM(l —-n, S) ! * *

=z (Wi =9) =1 =)= | Elein(tion Xioa) [Fp, Xicn]
1(t;, = s) * *

- TE [6?—n(ti—n7Xi—n) ti—n = S,Xi_n}
1(t:, =o00) Ky(i—n,s)* ., . )

+ n2 ' M2 E [Si—n(ti—n7 Xl—n) ti—n = 00, Xz—n}

1(tr, =s) 1(t;, =00) Kyli—n,s)!
S C, ( n2 + n2 ) M2
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for some finite constant C’. Thus,

C 1L (1 & 1 & 1(tr, = 00) Ky (i — n,s)*
< B * — —_ | = * - i—n )
E E[Z ]]:m < 1(t; = s) + (n E (¢, =s)+ " E e

i=1 i=n+1 i=n+1

—p 0

because by Lemma 3 in Abadie and Imbens (2006) E[K (i, s)?] is uniformly bounded. Thus, by

the martingale central limit theorem and the Slutsky theorem,

Vi (F(w®, N) = E[FP° (N)|tr = s] — Ba(s, M)) —p N(0,V (s, \))

l K3

where
1 0st, s * 2
Vis:A) = B[ (1als, X) = (0, X0) — B NI = s])’| = 5| + -Elod (s, X0)l1f = o
1 GS(XZ‘) 2
+ WE [(M + (M, q) eoo(Xi)> es(Xi)O-)\(OaXi)]
which completes the proof. [
Proof of Proposition 3
From Theorem 3,
1
Vi(s.0) = B [ (B () = 5,X) ~ ElrP™ (It = 5))°|t; = 5] + —-Blod(s. Xo)lt =

1 €s
+ WE |:(M + CY(M, q)e
but

[ (B OV = 5, X~ B ()l = 5])
SE[ (B OVl = 5. X ~ B )] = 5))”e. (X0

by the law of iterated expectations. Similarly,

iE [a?\(s,Xi)ﬁj = s] = ]%E [Ui(S,Xi)es(Xiﬂ

S s

and the result follows from straightforward algebra. [J
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Proof of Proposition 4

The regression residual is:

where

Wi= (10 = 8,106 = o)), 4= (Ni 315 = AT, 1 3105 = oo)%mu)) .

J

Start by noting that by the law of large numbers and Lemma B2,
fr —p po= (E[AY (N[t = |, E [E[AY (V)] = o0, Xi]|t] = s5])".

Define g; = AY#(\) — W/u and note that &, = ¢; — W/(ji — u). By the triangle and Schwarz

inequalities,

& =&l < IWilllla = pll® + 2 el IWall i = ) < = pl® + 21eil [l = ol

7

using that [|[W;]| = 1(¢t; = s) + 1(tf = co) < 1. Then we have that:

“ n . R n . Ka(i,s)?
nVe = RE Z 1(t; = s)&? + e Z 1(t; = OO)T&“?

n2 1 * 2 1 * KM(i7S)2 2

Define
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We have that:
KM(lJ S) ? ~ 2
—— | [la—ul

2 (w: a1 = oo)M) e 3 — sl

: = R [t = pll* + 2R |2 — pill

Note that .
E[Ri,] <1+ 75E [Ku(i,s)’] < C
by Lemma 3 in Abadie and Imbens (2006) and thus by Markov’s inequality R;, = Op(1l) and

Rin |t — pl|* = op(1). Similarly, for the second term,

(165 = 9 10 = o) 2D |e¢|]

< (1 + W—%S)ﬂ> 1/215[5?]1/2

E[Ry,] =E

which again is uniformly bounded and thus 2R, , ||t — p|| = op(1). Then,

02 (1 1 K (i, s)*
e {—Zﬂ(t: =s)el 5 210 = w>%ﬁ?} +oell)

— N2
Nz | n & -

7
2

n
L= N2 {Tl,n + Tgm} + 0[@(1)

By the law of large numbers, T} ,, —p E[e?|t} = s|ps. On the other hand, by Lemma B2,

1 2| 4% a(Mv Q> es(Xi)2 2| 1%
T2,n —p ME [65<Xi>E[6i |ti = 00, XZH + Ve E 600(Xi)]E[€i |ti = 00, Xz] .
Collecting the results,
’ Elgflt; =s] | 1 2) a(M,q) . [es(Xi)® o o
nVy —p 0. + Mng [es(Xi)E[gim = oo,XiH + N2 E eoo(Xi>E[8i‘ti = 00, Xj]

B2t —s] 1 |
= Ll E M M
PRV oM a) ==
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Now,

Elef|t; = s] = E[(AY;'(N) — E[AYF (W[t} = s])*[t] = s] = VIAY (M|t} = ]
Vpa(s, Xo)t; = 5] + EloX(s, Xo)|t] = 5]
= VIE[FF® (Wt = s, X[t = s] + V[E[AY(0, [t} = s, Xi] [t = 5]
+2Cov(B[F (V[ = s, Xi, E[AY? (0, M|t = 5, Xi][t] = 5) + E[ox(s, X)[t; = ]

E[eZ|t; = 0o, X;] = E[(AY?(A) — E[u(0, X,)|t; = s])*|t; = o0, Xj]
= E[(AY?(A) — pa(0, X3))? [t = 00, Xi] + E[(1a(0, X;) — E[ua (0, Xo) |87 = s])?|t;
= 0300, X0) + (a0, X,) — E[u0, Xt = )°

Next, use that under conditional parallel trends,

(0, X;) = E[AY?(0, N[t = s, X

(2

Elua(0, X;)|t; = s] = E[AY(0, M)t} = 5]
Collecting the results,

nf/c, —p V (s, )

1 _
+ p—VUE[AYf((L NI, = s, Xil[t; = s]

+ L CovBF It = 5, XL E[ATA0, Ve = s, Xl = )

Ps

1 €S<X’£>
+ p—§M2E {(M + a(M,q)

oo (Xs)

as required. [

Proof of Proposition 5

Suppose the vector X; includes only discrete variables. By Lemma 1,

E[7FP** () |ty = s] = E[AY (A ZM,\ 0,2)P[X; = x|t] = s
reX
CBIAT O = 5 — S a0, 2)Pft; = s, = 222
reX $
= E[AY(\ Zm\ (0, x)es(x ( )
xeX $
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where ez(z) = P[tr = s|X; = z|, p(x) = P[X; = x| and p; = P[t; = s|. This term can be estimated
as:

— NLSZ:AYZ.S(A)IL( ;Z %Ysﬂ t*:( :)O(O))( (: ):x) ' Ziﬂg;(izﬂz(g:@
_ NLSZ:AY;-S(A)WZ‘ = 5) —;ZiAW( o N, R 'foi((:zf))
_ N%ZAYZ'S(A)IW — 5) _NLSZ:AW(A)]I@ ZOO)Z;(IL()Q =x):;(g)

= 5 X (10 =030 =0 2 ) ¥

Following the proof of Theorem 3, the estimator can be rewritten as:

F(s,) = Ni DA = )(uls X) = (0. X))

* S o * és(Xz> v . x ‘
Z (10 =9 - 106 = o) 250 ) (AT - (. )
+ By(s)

where in this case:

By(s) = = 3 (10t = 9) — 127 = 00) 25D 40, 30,
N, - Eoo (X5)

When covariates are discrete, the matching can be done exactly, and thus the bias is zero. To see
this,

= Z“A(O’x)N% Z (]l(tf =s)— 1(t; = o0) Aes(x) ) 1(X; =x)

boo()

_ 2l =) U(Xi =) 31 = s)1(Xi=2) 3., 1(t = 00)I(X; = 7)
—Z“A(O”U)( St =s) 31t =oo) (X, =) 2. 1t = s) >
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n Ni > (Il(t —5) -1t = ):;(ggi))) (AY;(A) — (87, X3))

_ 2 (éeofg) _ :Ofgj)) NL Z 1(t; = 00)1(X; = 2)(AY (M) — jia (0, 2))
Now
S = 01X = ) (AT — a(0,) e =R AV () = a0, 0)] = 00, X, = ]

es(r)  es(x) | es(m)es(w) — Eno(x)es(T)

boo()  eco(z) €oo(T)eno ()
_ (Es(7) = es(2))eos (1) — (Eoo(7) — €xo())es(x)
boo(T)ecs ()
—1éx—ex—165(x)éx—ex
— o E) — ) = g 2 (o) — )

and

(It =) —es(@)UX; =) 1~ (Lt = 5) —es(2))1(X; = )
%lo) —ele) = 1% — ) —a P(a)
from which
O e o =) e =)
em@l)p(x) :;(@ . %Z(M — 00) — ex (2))1(X; = )
= O]p(n_l/Q)

as long as é5(x) > 0 for all s, z. Therefore,

és(r)  es(x)\ 1 * oo VAT — N — on(n1?
xze;c(éoo(f”> eoo(%”)) sti:ﬂ(tz JL(Xi = z)(AY(A) — pa(0, 2)) = op( )
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and

VQWQJ%—EWMWMWJIQ)Zi%}:%@J%+WU)

—D N(Ov V[¢Z(S’ )‘)D

where
9l 0) = TE=5) 0 (5, %) — (0, X0) — B () 1 = 5]
b (10 = 9) - 106 = 00) 250 (AT - (7, ).
The variance can be expressed as:
V(s N)] = —E [(E[F ()]t = s, X] — EFP* ([t = s)?| £ = ] + —Elo3 (s, X,)|t; =
Sl

as required. [J

Proof of Proposition 6

By Proposition 2, the estimator of interest can be written as the estimator from a regression
of AY?(A) on an intercept and a treated cohort indicator 1(¢#; = s). This corresponds to the
case analyzed in Abadie and Spiess (2022) with Z; = (1,1(¢f = s))’. Under the conditions in
the proposition’s statement, Assumptions 1-5 in Abadie and Spiess (2022) hold, and thus their

Proposition 2 apply to 3 = (&, Tar(N))" where & is the intercept from the regression. Thus,

V(M 41N, = B) =p NO,H ' JH™)

where in this case 8 = (E[ux (0, X;) [t} = s], E[7P*"*(\)|t: = s]),

7

1+M 1
1 1

1 -1
-1 1+ M

L 14+ M
M

. H
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and J = J; + Jo where

1 + M i IU)\(S, X,L)
7 1 _af\(s, X;) + Mo3(0,X;) o3(s, X;) "
ey . =S .
I+ M| o2(s, X;) o2(s, X))| !

Then, by straightforward algebra,

7 7 (2 (2

2(0, X;

1

VelN) = H7UTHGh) = (1+ M)E [ (B[ (W[t = 5, X — E[F" ()}t = 5])

t’.‘:s]

+(1+ ME [ai(s,Xi) -

as required. [

D Proofs of Auxiliary Results

Proof of Lemma Bl

Let Dy = Dy — D; — Dy 4+ D and note that since Dy, = 1(t > t¥) = Y oscoo L(t; = s)1(t > 5),

5$<00 i Zt )\t 5$<00
~ S wl(tF = s)
D, = 1(t > ! L = 1(t > w
t Z (t ) sz Z (t S>ps
s§<00 ? s§<00
D=2 wAs
$<00

where Ay = >, NM1(t > s)/ >, A\ is the proportion of included post-periods ¢t > s and pY¥ =
Yo, wil(ty = s)/ >, w; is the weighted proportion of cohort s in the sample. This implies that

Dy =Y (U(t; = 5) = p¥)(L(t > 5) = A,)

s<o0
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and

DDy =) (1t = 5) — p¥)(1(t > s) Z]lt*—s (t>s)

=) (1t =5) = pY)(L(t = 5) — ALt = s)L(t > s)

£33 (@t = 5) — )L > 5) — AL(E; = §)L(t > &)

5<00 §'#8s,00

=) (1—p¥)(1 = ALty = s)L(t > )

s<0o0

=TT = s) - A)L(E = )1 > S)

5<00 s'#s,00

from which:
ZszAtthth = ZZ Z wire(1 = p)(1 — A L(t; = s)1(t > s)
% t s<oo
=SSOSO wiApl (A > ) — A)L(E = 51t > S)
i t  s<00 s'#s,00
= <ZZwm> <Zf»§’(1 — A, SN U (A —ASA8/>>
i t §<00 5<00 §'#s,00

where sV s’ = max{s, s'}. Using that 1 —py’ = >" . Py = P + Dy, Dy, this term can be

rewritten as:

Z Z wii Dy Dy = > { = A+ Y Ay =AY+ D pE(1 = A (A — As/>}

s<00 s'<s s<s' <0
X ( E W; E )\t> .
% t

Next, let
Zt )\t]l(t Z S)Y;Lt’ Y;pre,S(A) _
Zt )\t]l(t 2 S)

Zt )\t:[].(t < S)}/;t

Ypost,s _ )
Y S ALt < s)

We have that:
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Z Z wil\ Yy Dy = Z ; D wiYa(1(t; = s) = pY)(L(t > s) — A,)

—ZZwl —pY Z)\t W(L(t > s) — Ay)

= 30 S w1t = ) — AL - AT = ) (Z At)

= 301 PA = ) Skt = )TN - V) (Z At>

_ Z ﬁg}As Z wz t 7& s post 3( _ pre s <Z )\t>

B » » Z ]l(t _ 8)(Ypost 5( ) Ypres

_;ops (1_ps )AS<1_A5) Z U)Z]l(t :S) (Zzwl )

N g pw L will(ty # s) (VP — VP "
;Ops (1 Ds )As(l As) Z (t # S) (; ; 1)\t>
-(Exm]) £ A

F=8) (PN VP N)  wil(t # (VPN —

NpnLE

Yo wil(tr =s)

YPe ) }

Zi w;1(t; # s)

(Zzwl/\t> Zps —A)
FOIACES DK rallh
Yo wil(tr =s)
- E U)Z t — s )(Ypost 3()\) Y/ipre,s<)\)) ﬁgj
;S S owil(t = o) Z#sﬁff}'
Defining:
AY[(N) = Y72 () = ()

and using that 1 — p¥ = Zs,?ﬁs pw we can rewrite this as:

Z Z szthth = Z qu;”ps A

s§<00 s'#s

x (2%)-
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Finally note that:

AV () = 2 Ml 2 9) gy 2 MY = VP A L(E > s)
Yo AL(t > s) S ML(E > s)
o (Y~ s E") 1e > o
B > Al(t = s)
TS A (e YUt 2 1 < 5)
Do ALt > 8) > ALt < s)

and thus

S wid(t = AV | X Ly M IR (1 > 5)1(F < 5)
> will(t] = s) oML = 8) X0y A (E < )

Swil(ty = s)AY;(N) S wil(t; = HAY(N) 3, 3, A ()1t > s)1(H < s)
> wil(t; = s) Yuwlty=¢) Y NI =8) Y, At < s)

wil(t; =s)(Ye = Yir) D wil(t] = 5')(Yie — Yiw)

Zi wiﬂ(tf =s) Zz wiﬂ(tf =)

Therefore,

.. At DY Dy A (1 — A ) s '
Z;Zt:wiktyitDit ZZZZ ST ANL(E > 8) S AT < s) #(t 1)

5<00 s'#s t>s t'<s

(S5
(Zt At) DD DD MBI ().

5<00 s'#£s t>s t'<s

Collecting the results, we have that:

~—

7A_num (w7 A

T(w,\) = =

where

Foum (0, A) = DY O N AppYE (L)

5<00 §'#£s t>s t/<s

Taen (W, ) = (ZM)Z { A+ Y ANy =AY+ D U= AN - As/)}-

s<00 s'<s s<s' <0
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which completes the proof. [

Proof of Lemma B2

Let t* = (t1,...,t") and X = (X/,..., X")".

NLS Z 1(t: = s’)MZi = i Z 1(t; = s)Z; — NLSZ <Il(t;‘ =s) -1t =&)L

N
=E[Z|t; = s] +op(1) = T,

where
1

Now,

— {l > (w: =9 106 =) ") (2 ot X0)

N, | n
+ = Z )(pz(s, Xi) — pz(s', Xi))
K
P> ( =) -0 =)0 uz<s',xi>}
= %7 (Tl,n + T2,n + T3,n) .
We look at these three terms separately. First, E[T} ,|t*, X] = 0 and
. Kn(i o)\ 5.
VTl X = 5 3 (105 =9 105 = )R ) b, X
from which
Vi = YE | (10 = ) - 2 = B D) 2wy
b B M
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because by Lemma 3 in Abadie and Imbens (2006), E [K (i, s)?] is uniformly bounded. Thus,

Ti, = op(1). Next,

Ton ==Y 1t = 5)(uz(s, Xi) — pz(s', X,))

—p Euz(s, X;) — pz(s', X;)[t; = s ps
= (E[Zi|t; = s] — E[uz(s', X;)|t; = s]) ps.

Finally, for the third term,

M
:—Zﬂt*—s%ZuZSX pz(s' X is))

m=1

By a Taylor expansion,

1 1L N
Ty =~ 1t = Dy > hals s X) || Xs = X |
m=1

i

where fiz(s,z) = dpz(s,z)/0r and X is a (random) intermediate point between X; and X,

Note that by continuity of uz(s,x) and compactness, the derivative is uniformly bounded and

thus

T <121(t*— gi{x X,
Sn_n i i Mm: (3,8")

Finally, note that

< ZHX ]M 1,8’ ||> n2 ZE[”X jM 1,8")
+—ZZE (115 = Xjh 000

I

>~ Z HX ]M(zs

]

JM(l s’)
i 1>t
- _E [HX Xin(is') H } [HX Xijni(is')
<]E[HX X ( ZS/)” ]
by identical distributions and Cauchy-Schwarz. Thus,
Tyn < E [||1Xi = X060 |2 = —E [0/ ]|, | =0
3n = H g Jm (6,8") nl/a H Xjnris) -
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by Lemma 2 in Abadie and Imbens (2006). Thus T5,, = op(1). Therefore,

n

T,
N

(Th + Togn + Ts0) —p E[Zift] = 5] — Eluz(s', Xo) [t = 5]
and

1 . Ky (i, s X
v, 21 A 7 e Bl (s Xl = o

as required. For the second result, Let X, = (Xi)i;tfzsl be the subset of covariates in the compar-
ison cohort tf = s" and let m(s',z) = E[Z?|t; = s/, X; = z]. We have that

A Z 1(t; = 5 7% = T, To=—Y 1(t; =K, 5)Z}

M2 Tt TN, Mz ™ n <
and
E[T,] = E[1(tf = ) Ku(i,s)*Z7) = E [1(t] = ') Ku (i, s)°m(s, X;)]
=E [E[Kum(i, $)*|t*, Xy, t; = s'Im(s', Xi)| t; = 5] py
Now,

Ky (i, 9)|t*, Xy, t; = 8" ~ Binomial (N, vs(An(X;)))

where v4(+) is the conditional distribution of X|t* = s and Ay (x) is the catchment area, see
Abadie and Imbens (2006) and Chen and Han (2024) for details. This implies that

E[K (i, 8)2[t*, X, tF = 8] = Novg(An (X5)) + No(Ng — v (An(X;))?
and thus

E [Kn(i,8)*m(s', Xi)|t; = '] = E [Novy(Aur (X))m(s', Xo) |t} = o]
+ E [No(Ns — Do (An(Xy))Pm(s’, Xo)|t; = '] .

7

For the first term, note that:

E [N (s (X0)m(s', X))t} = o) = B [%NSIEWAM(X»)W = o XJm(s, X7 = ]

= PR NJEv (Au (X))t = &', Xilm(s', X))t} = s

S

NS S
+E {(N — ]Z;—) NyE[vs(Ap (X)|t: = &', Xilm(s', Xy)|tF = s’] )
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By Assumption 5(1) and Lemma 5.3 in Chen and Han (2024), Ny E[vs(An (X)) [tF = 8, XiJm(s', X;)
is uniformly bounded. Then,

E [( Ny _ p—) NoE[v(Au (X[t = o/, Xilm(s', X)|t; = } < CE H Ne .

Ns’ Ds NS Ds
Now,
Ns s Ns s Ns s
E _Ps|| E _bs 1 _bs 5
Ns’ Ds’ NS’ Ds’ Ns’ Ds’
Ns  ps Ns  ps
E _Psiy _ Pl
i H No o ps (‘ Ng o ps| ™~ )}
Ns  ps Ns  ps
<E — 1 — =>4 )
o H Ns’ Ds Ns/ Ds ):| +
1/2 1/
N, | N, ps
<E - = P ——|>9 )
- NSI D! |: Ns/ Ds :| +

— 0

because Ns/Ngy —p ps/ps and E[|Ng/Ng —ps/ps/|2] is bounded by Lemma S3 in Abadie and
Imbens (2016). Because d is arbitrary, it follows that:

NS S
B (5 - 2 ) MBI (A (X0 = 5, Xl )l =] 0
s’ Ds

and thus

E [Novs(Au (X))o (s', X;)|t; = '] = p—“"/]E [INgE[vs(Ap (X)|t: = &', Xilm(s', Xy)|tF = §'] + o(1)

)
s

s s Xi /
- ]%]E {Mff/((X'))m(s X))

by Theorem 4.1 and Lemma 5.3 in Chen and Han (2024) and the dominated convergence theorem.
Also note that:

fs(Xz) _ es(Xi)/ps
fs’ (Xz> es’(Xi)/ps’

from which

GS(XZ'>
Cgr (Xz)

E [Nevs(Apn (X3))m(s', Xi)|t; = §'] —p ME [ m(s', X;)

e 5’]

= Mgl (X ym(s', X)),

Ds
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Similarly, for the second term,

E [Ns(Ns — Dvg(An (X)) *m(s’, Xo)|tF = §'] = <§—) E [N2E[vs(An(X0))|t; = ', Xalm(s', Xo) |t = §']

(W - (p—) ) N2E[v,(Au (X))} = o', X Jm(s, X[t = ] -

Ds

+E

By Theorem 4.1 and Lemma 5.3 in Chen and Han (2024),

On the other hand, by previous arguments

2
. (]\@(]]\7\/‘—52/—1) - (&> ) NgE[VS(AM(Xi))2|t: _ S/’Xi]m(s’,Xi”t: = 3’] — 0.

Ds

Thus

a(M,q) [es(Xi)®

E |:NS<NS - 1)VS(AM(XZ))2m(8/’XZ)‘t:< - SI] P Ds £ [es’(Xi)

s X3

and therefore

: 2 / N = ¢ % e (s’ ) Oé(M, Q) 65<Xi)2m Y )
E [Karli o)’ X1 = ] e S Bfes (X, X0 + 200 g | U x|

Thus,

BT e MEle,(CCom(s' X))+ a4, | “ (s, ) |.
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Finally, note that:

VI[T,] = %V [1(t; = ') K (i, 8)*m(s', X;)] + %E [1(t; = ") K (i, )'V[Z2|tr = ', Xi]]

+ 2 Z Z Cov (Il(t;‘ = &) Ky (i, 5)*m(s', X;), 1(t; = ") K (4, s)*m(s’, Xj))

n?
i J>0
1 1
<V [1(65 = ) K 9)m(s', X0)] + B [107 = ) Kaglios) V12207, = 8, X,
n
— 0

where the first inequality follows from the fact that Ky,(7, s) and K (j, s) are negatively correlated
(Abadie and Imbens, 2002, p.40), the second inequality follows because the conditional variance
is uniformly bounded and the convergence follows from the fact that E[K (i, s)*] is bounded by

Lemma 3 in Abadie and Imbens (2006). This implies that

T, —p ME[es(X))m(s', X;)] + a(M, ¢)E {Z(()Q; m(s, Xi)]
and thus
B L T
—p %]E {es(Xi)m(SI;;Xi)} + O‘%;Q)E E(f;); m(sl;,in)}

which completes the proof. [
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